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Abstract. We derive the dynamics at galaxy scales (Virial theorem) for modified gravity
models in the general Hordensky class. Our aim is to develop tests that can distinguish
whether dark matter is part of the theory of gravity or a particle. The recent discovery
that a small number of dwarf galaxies lack any dark matter provides us with a stringent
test for models of modified gravity. If there are only a few galaxies without dark matter,
it is interesting to envision how to explain this if dark matter is a modification of gravity
without adding epicycles to the model. We quantify this, and our main finding is that there
will always be an extra contribution to the Virial theorem coming from the modification of
gravity, even if a certain galaxy shows very small, if not negligible, trace of dark matter, as
has been reported recently [1–3]. Thus, if these and more galaxies are confirmed as devoid (or
negligible) of dark matter, while other similar galaxies have abundant dark matter, it seems
interesting to find modifications of gravity to describe dark matter. Our result can be used by
future astronomical surveys to put constraints on the parameters of modified gravity models
at astrophysical scales where dark matter is described as such.
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1 Introduction
The existence of Dark Matter(DM) has been demonstrated observationally in many
occasions. Initially, at astrophysical scales, the virial mass of the Coma galaxy cluster was
found by Zwicky [4, 5] to be 500 times larger than the observed one. Later, the flat behavior of
stars’ velocity curves in the outskirts of spiral galaxies was also another proof of the existence
of additional unobserved matter [6–8]. Moreover, from the Cosmic Microwave Background
structure at cosmological scales, there is a clear evidence for DM [9, 10](see [11, 12] and
references within for a detailed overview of DM). However, the nature of this unobserved
entity is still an open question and an active field of research. In the context of the General
Theory of Relativity(GR), this phenomenon is described by adding cold particles, that is
pressurless non-relativistic ones, to the energy content of the universe. To describe the theory,
given a metric of spacetime gµν , one would write an action of the form:
S =
∫
d4x
√−g
[
M2p
2
R(gµν) + Lm,r(gµν , ψm, ψr) + LDM
]
(1.1)
where g is the determinant of gµν , R is the Ricci scalar, the trace of the Ricci Tensor Rµν ,
M2p = (8piG)
−1 is the reduced Planck mass (in units for which the reduced Planck constant
~ and the speed of light c are 1), Lm,r is the Lagrangian density of matter and radiation,
given as a function of the metric and the corresponding fields, ψm, ψr and finally LDM is
the Lagrangian density of DM particles. By setting the variation of (1.1) with respect to the
metric to 0, we get the Einstein equations of motion:
1√−g
δS
δgµν
= 0⇒ Rµν − 1
2
gµνR =
1
M2p
(Tµν + T
DM
µν ) (1.2)
where Tµν is the stress-energy tensor of the baryonic and leptonic matter, as well as radia-
tion, whereas TDMµν is that of the DM particles. From here one can see how the gravitational
phenomena observed (LHS of the above equation) is affected by the presence of DM parti-
cles(RHS). The particle nature proposal for DM has presented many candidates beyond the
Standard Model of Particle Physics. These include sterile neutrinos [13], axions [14, 15], and
WIMPs(Weakly Interacting Massive Particles), which includes the lightest supersymmetric
stable particle, the neutralino. For a detailed review on the different particle candidates for
DM, see [16] and [17].
– 1 –
Another explanation for these phenomena is to consider a theory of gravity other than
GR, which is known as Modified Gravity Theory(MGT). In this context, the gravitational laws
of nature have specific geometrical properties that could result in the observed phenomena
caused by DM, without the need for adding extra species to the particle content of the
universe. For instance, one of the proposed MGTs is called f(R) gravity, where f(R) stands
for an arbitrary function of the Ricci scalar R. In this MGT, one generalizes the Einstein-
Hilbert action to:
Sf(R) =
M2p
2
∫
d4x
√−gf(R). (1.3)
The resulting Einstein equations would take the form:
Rµν − 1
2
gµνR =
1
M2peff
(
Tµν + T˜µν
)
(1.4)
where the effective Planck mass is
M2peff = M
2
p f
′(R) (1.5)
and ′ denotes the derivative of a function with respect to its argument. The additional term
on the RHS,
T˜µν = M
2
P
[
f(R)−Rf ′(R)
2
gµν +∇µ∇νf ′(R)− gµνf ′(R)
]
. (1.6)
can now generate the gravitational phenomena observed associated to DM, but this term is
not related to some type of particles, rather to gravity itself. In this way, one can provide
an alternative explanation to the existence of DM. Another MGT that has been recently
proposed is called Mimetic Dark Matter(MDM) [18–20]. The original proposal of this work
was to rewrite the physical metric in terms of an auxiliary one and the derivative of a scalar
field. The resulting equation of motion will resemble (1.4) but with a different T˜µν and
M2peff , thus describing the gravitational effects of DM. The model was further developed to
incorporate other cosmological phenomena [21], as well as to avoid problems related to defining
quantum fluctuations, adiabatic initial conditions and cosmological singularities [22–24]. For
further analysis and study of the model, see Ref. [25–31]. More recently, the model has been
developed to avoid the original singularity of the universe by having a running gravitational
constant [32]. For more reviews on MGTs, see Ref. [33, 34].
The main purpose of this work is to study the DM phenomena at astrophysical scales
using the MGT approach. More specifically, we derive the Virial theorem for a general class
of MGTs, as described by the Horndeski model [35, 36] and see where the observed additional
Virial mass comes from. We notice here that this extra term will exist irrespective of the
system under consideration, even if it was vacuum. Therefore, if one wants to associate
T˜µν to DM, one would be claiming that their effects exist everywhere. However, one might
wonder what if there is a system in which there is no traceable amount of DM, as has been
recently observed [1–3]. Even though these results are still being further analyzed, we use
the possibility of having systems with no traceable amount of DM to put constraints on the
parameters of MGTs.
– 2 –
Mn
Ʃt+dt
Ʃt
Figure 1: Illustration of foliating a manifold M with a set of hypersurfaces Σt in the 3+1
formalism of GR
2 Virial Theorem in MGT
In this section, we derive the Virial Theorem for a class of MGTs that generate equations
of motion with the form given in (1.4). We will follow the method presented in [37] within the
3+1 formalism of GR [38]. An alternative derivation of the Virial theorem can be made using
the Lagrangian formalism, as presented in [39], which we will briefly present in appendix A.
2.1 Formalism
Consider a stationary and asymptotically flat spacetime1 M with a metric g, and con-
sider foliatingM with a set of space-like hypersurfaces Σt, as illustrated in figure 1. Moreover,
let n be a time-like 4-vector field, orthonormal to the Σts and directed along increasing time
t:
nα = −Nt,α ⇒ nαnα = −1 (2.1)
where ,α means ∂/∂xα, and N is the strictly positive lapse function. The latter measures the
rate of flow of proper time τ with respect to coordinate time as one moves normally from one
Σt to the next along n. Let
hαβ = gαβ + nαnβ (2.2)
be the projection tensor orthogonally onto Σt and, when restricted to Σt, defines the positive
definite induced 3-metric by g on Σt. Furthermore, define the shift vector Nα as the measure
of how much the spatial coordinates shift as they move from one Σt to the next along n:
Nα = −hαβξβ (2.3)
where ξα = (∂/∂t)α is the Killing vector associated with the stationarity ofM(see footnote 1).
From these definitions, one can write the explicit components of n and N as:
nα = (−N, 0, 0, 0); nα = (1/N,N1/N,N2/N,N3/N); Nα = (0, N1, N2, N3) (2.4)
1Mathematically, stationarity means that there exists a time-like Killing vector, at least at spatial infinity,
that can be normalized to -1. Asymptotically flat, on the other hand, means two things: First, the Σts contain
a compact region P , such that Σt −P is diffeomorphic to <3 −{0}, where <3 is the 3-dimensional real space.
Second, one can establish on each Σt a coordinate system in a way that the components of the metric differ
from those of the Minkowski one by O(1/r) as r →∞, where r is the radial distance
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and the metric components would be:
gµνdx
µdxν = −(N2 −NiN i)dt2 − 2Nidtdxi + hijdxidxj . (2.5)
The starting point in deriving the Virial theorem is to contract the Einstein equation (1.4)
with hµν :
Rµνn
µnν − 1
2
R =
1
M2peff
[
S µµ + S˜
µ
µ
]
(2.6)
where
S µµ
(
S˜ µµ
)
= hµνTµν
(
T˜µν
)
. (2.7)
We can now use the Gauss-Codazzi-Mainardi equations, which relate the Ricci tensor of the
4-metric to that of the 3-metric hµν , 3Rµν , the lapse function N and the extrinsic curvature
of Σt, Kµν(see [40] for more details). The final result would be:
ν
|i
|i −
1
4
3R+ ν|iν|i −
3
4
(
KijK
ij −K2)+ (Knα);α = 1
2M2peff
[
S ii + S˜
i
i
]
(2.8)
where "|i" denotes the covariant derivative with respect to xi associated with the 3-metric h,
";α" is the covariant derivative with respect to xα associated with the 4-metric g, ν = lnN
and K = −nα ;α is the trace of Kµν . Now that we have done the first step, we can now
proceed to the second one, which is to integrate this result over space.
2.2 Step 2: Integration Over Space
Integrating (2.8) over the space-like hypersurface Σt, and reshuffling some terms, gives:∫
Σt
[
1
2M2peff
(
S ii + S˜
i
i
)− ν|iν|i + 34(KijKij −K2)
]√
hd3x
=
∫
Σt
[
(Knα);α + ν
|i
|i −
1
4
3R
]√
hd3x. (2.9)
The first term inside the integral on the RHS of (2.9) is
(Knα);α = N
−1(KN i)|i = N−1KN iν|i + (KN i/N)|i (2.10)
where the first equality follows from equation (2.5) of [40]. Therefore,∫
Σt
(Knα);α
√
hd3x =
∫
Σt
K
N
N iν|i
√
hd3x+ lim
S→∞
∮
S
K
N
N idSi =
∫
Σt
K
N
N iν|i
√
hd3x (2.11)
where the integral over the 2-surface S, which is diffeomorphic to a 2-sphere, goes to 0 as the
radius tends to ∞(hence the meaning of the limit). Furthermore, the second integral of (2.9)
is also a surface one, and in the limit considered, it’s the total mass-energy in Σt [41](see
appendix of [37] for proof):∫
Σt
ν
|i
|i
√
hd3x = lim
S→∞
∮
S
ν|idSi =
1
2M2p
MΣt . (2.12)
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That this relation holds follows from asymptotic flatness, where the limit considered in the
integral above reduces M2peff to M
2
p .
The final term on the RHS of (2.9), ∫
Σt
3R
√
hd3x (2.13)
needs to be considered carefully. The 3-Ricci scalar can be written as [42]:
3R = − 1√
h
∂
∂xi
[
1√
h
∂
∂xj
(hhij)
]
+ hij
[
Γl imΓ
m
jl − Γl lmΓmij
]
. (2.14)
The problem is that this is not a covariant form, and its convergence into a finite value
depends on the coordinate system used, as one can check by comparing (2.13) in spherical
coordinates to its form in cartesian ones. But all the other terms of (2.9) are indeed finite.
This means that (2.13) must also be finite. The solution to this dilemma is to express the Ricci
scalar in a form valid in any coordinate system and corresponding to the sum of a convergent
surface integral and a volume integral. The latter should be written in terms quadratic in the
derivative of the metric, containing only its curvature part, and not the coordinate part like
the Γs do. The key point in doing so is by introducing a flat background metric h˜, onto Σt
along with h. The asymptotic flatness hypothesis insures that both metrics match at infinity,
and then we can write 3R in a way covariant with respect to h˜. In particular, the Christoffel
terms of (2.13) will be replaced by a quadratic term covariant with respect to h˜, tending to 0
in the flat-space case. This procedure is known as the bimetric formalism [43–45]. The final
form of (2.13) is (see section 2.3 of [37] for more details on the derivation)2:∫
Σt
3R
√
hd3x =
2
M2p
MΣt +
∫
Σt
hij
[
∆l im∆
m
jl −∆l lm∆mij
]√
hd3x (2.15)
where
∆i jk ≡
1
2
hil
[
hlk||j + hji||k − hjk||l
]
(2.16)
is a covariant tensor on Σt, and ||j denotes covariant derivative with respect to xj correspond-
ing to the 3-metric h˜.
Ultimately, the final form of the Virial theorem in a general MGT:∫
Σt
[
1
2M2peff
(
S ii + S˜
i
i
)− ν|iν|i+14hij(∆l im∆mjl −∆l lm∆mij)
]√
hd3x
+
∫
Σt
[
3
4
(
KijK
ij −K2)− K
N
N iν|i
]√
hd3x = 0. (2.17)
To see how this result corresponds to the known Newtonian form of the Virial theorem,
consider dust particles with a stress energy tensor of the form
Tαβ = ρuαuβ (2.18)
where ρ is the energy density of the system and uα is its 4-velocity vector. This means that
S ii = γ
2ρuiu
i (2.19)
2Note that MΣt in (2.15) should be the total ADM mass energy, but because the two masses are equal in
the stationary and asymptotically flat case, we skipped introducing it explicitly in the text
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where γ = −nαuα is the Lorentz factor between the observer and the dust particles, and ui
is the velocity vector measured by the observer. In the Newtonian limit, one can choose a
coordinate system in which the metric becomes:
ds2 = −(1 + 2ν)dt2 + (1− 2ν)h˜ijdxidxj . (2.20)
Therefore, from (2.4) and the definition of Kαβ [40], one can show that Kij = K = 0.
Moreover, the ∆∆ term of the integrand becomes 1/2ν||iν||i , so the net result is:
2T + Ω + Ω˜ = 0 (2.21)
where the total kinetic energy is
T ≡ 1
2
∫
Σt
ρu2dV (2.22)
with u2 = uiui and dV =
√
h˜d3x. Moreover, the gravitational potential energy due to the
dust particles is
Ω ≡ −
∫
Σt
1
M2peff
(∇ν)2dV (2.23)
where we put M2peff inside the integral because, depending on the MGT under consideration,
this term can depend on space. Finally, the additional contribution to the theorem due to
the MGT is
Ω˜ ≡
∫
Σt
h˜ij T˜ijdV. (2.24)
It is clear that the latter is always present, even if one considers the systems analyzed in [1–3].
By considering these galaxies in (2.21), one can then put constrains on the parameters of the
MGT considered.
3 Conclusions
In this short note we have computed the Virial theorem for MGT motivated by the
recent discovery of a class of dwarf galaxies with no significant dark matter. We wanted to
quantify what constraints these objects put on MGTs. In the same vein that the number of
satellite dark matter halos imposes sever constraints on the nature of particle dark matter,
we have found an equivalent observable for the case when dark matter is a modification of
gravity. Inspection of (2.17) shows that the Virial theorem for MGT contains an extra term
S˜ ii . To accommodate this term for MGT models will provide interesting insights into the
nature of these models. If DM can indeed be part of the theory of gravity, one can think
of two possibilities that S˜ ii can have in order to achieve that. The first is that S˜
i
i should
include specific coupling terms dependent on the environment and baryonic content of the
considered galaxies in [1–3] such that they cancel the terms that generate DM effects in other
galaxies. That is, the matter content and configuration of these galaxies should couple to
gravity in a special way in order to make sure there’s no DM effect. Another way is to look
at a map of the sky for DM distribution, and have S˜ ii be the function that goes to 0 at the
special positions where these galaxies are found, while it is not 0 in other locations.However,
the difficulty arises form the fact that most dwarf galaxies do have dark matter, in fact are
dark matter dominated, which makes the above suggested solution highly fine-tunes. It will
be interesting to see if non-fine tuned MGT can be constructed to fulfill the existence of
dark-matter-free galaxies [1–3].
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A Alternative Derivation of the Virial Theorem
We present here another method for deriving the Virial Theorem (2.21), using the La-
grangian formalism and the relativistic Boltzmann equation. First, consider the equations of
motion (1.4) and the metric in spherical coordinates:
ds2 = −e2ν(r)dt2 + e−2ν(r)dr2 + r2(dθ2 + sin θ2dφ2) (A.1)
(at the moment no approximations are being made. When we apply the Newtonian approxi-
mation, this metric reduces to (2.20)). The 0− 0, r − r, θ − θ and φ− φ components of the
field equations are, respectively:
− e2ν
(
1
r2
+
2ν ′
r
)
+
1
r2
=
1
M2peff
(
T00 + T˜00
)
(A.2)
e2ν
(
2ν ′
r
+
1
r2
)
− 1
r2
=
1
M2peff
(
Trr + T˜rr
)
(A.3)
1
2
e2ν
(
2ν ′′ + 4ν ′2 + 4
ν ′
r
)
=
1
M2peff
(
Tθθ + T˜θθ
)
(A.4)
1
2
e2ν
(
2ν ′′ + 4ν ′2 + 4
ν ′
r
)
=
1
M2peff
(
Tφφ + T˜φφ
)
. (A.5)
Summing these equations together, we get:
e2ν
(
2ν ′′ +
4ν ′
r
+ 4ν ′2
)
=
1
M2peff
(
Ttot + T˜tot
)
(A.6)
where Ttot and T˜tot are the sum of the components of T and T˜ , respectively. Assuming that
the deviation from GR is small, one can writeM2peff = M
2
p (1+Ψ) where  is a small quantity
and Ψ describes the deviation from GR due to the presence of T˜µν . Equation (A.6) becomes:
e2ν
(
2ν ′′ +
4ν ′
r
+ 4ν ′2
)
=
1
M2p
(
Ttot + 2ρ˜
)
(A.7)
and 2ρ˜ = T˜tot(1− Ψ), written in this form for later convenience.
Next step, consider a system of collisionless point particles following a distribution func-
tion fB. The stress energy tensor of such a system can be defined as:
Tµν =
∫
fBmuµuνdu (A.8)
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where m is the mass of a particle (galaxies, stars...), uµ its 4-velocity, and du = durduθduφ/ut
the invariant volume element in velocity space. From this definition, one can write
1
M2p
Ttot =
2
M2p
ρ〈u2〉 (A.9)
where ρ is the mass density of the system, and 〈u2〉 = 〈u2t 〉+ 〈u2r〉+ 〈u2θ〉+ 〈u2φ〉 with 〈.〉 being
the average in velocity space. The distribution function fB follows the relativistic Boltzmann
equation [46, 47]: (
pα
∂
∂xα
− pαpβΓiαβ
∂
∂pi
)
fB = 0 (A.10)
where pα is the particle’s 4-momentum (see [39] for further mathematical details). At this
stage, it is more convenient to introduce a set of local tetrads eaµ(x), a = 0, 1, 2, 3, which can
be chose to be, for the current case of spherical symmetry:
e0µ = e
νδ0µ, e
1
µ = e
−νδ1µ (A.11)
e2µ = rδ
2
µ, e
3
µ = r sin θδ
3
µ (A.12)
where δaµ is the Kronecker delta. Assuming that fB = fB(r, ua), where ua = uµeaµ are the
velocity components in the tetrad frame, equation (A.10) becomes [48]:
u1
∂fB
∂r
−
(
u20
∂ν
∂r
− u
2
2 + u
2
3
r
)
∂fB
∂u1
− 1
r
u1
(
u2
∂fB
∂u2
+ u3
∂fB
∂u3
)
− 1
r
e−νu3 cot θ
(
u2
∂fB
∂u3
− u3∂fB
∂u2
)
= 0. (A.13)
Multiplying the above equation by murdu and integrating over the velocity space (assuming
that fB → 0 as u → ±∞), then multiplying by 4pir2dr and integrating over the system, we
get finally: ∫ R
0
4piρ
[〈u21〉+ 〈u22〉+ 〈u23〉]r2dr
− 1
2
∫ R
0
4piρ
[〈u20〉+ 〈u21〉]r3∂ν∂r dr = 0. (A.14)
To simplify the problem, one can make two further approximations. First, assume ν to be
small and slowly varying, hence e2ν ≈ 1 + 2ν and all quadratic terms in ν or ν ′ drop. Second,
assume the velocities to be much smaller than the speed of light, therefore 〈u21〉 ≈ 〈u22〉 ≈
〈u23〉  〈u20〉 ≈ 1. Thus,eqs. (A.7)(after using (A.9)) and (A.14) become:
1
r2
∂
∂r
(
r2
∂ν
∂r
)
=
1
M2p
(ρ+ ρ˜) (A.15)
and
2T − 1
2
∫ R
0
4piρ
∂ν
∂r
r3dr = 0 (A.16)
respectively, where
T =
∫ R
0
2piρ
[〈u21〉+ 〈u22〉+ 〈u23〉]r2dr (A.17)
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is the total kinetic energy of the system. Multiplying (A.15) by r2 and integrating from 0 to
r, we get, when using the explicit form of M2p :
GM(r) =
1
2
r2
∂ν
∂r
−GM˜(r) (A.18)
where
M(r)
(
M˜(r)
)
= 4pi
∫ R
0
ρ
(
ρ˜
)
r′2dr′. (A.19)
Finally, multiplying (A.18) dM(r) and integrating from 0 to R, after the use of (A.16), we
get the generalized Virial theorem:
2T + Ω + Ω˜ = 0 (A.20)
where
Ω
(
Ω˜
)
= −
∫ R
0
GM(r)
(
M˜(r)
)
r
dM(r). (A.21)
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